SALLY MODULES OF RANK ONE 
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Abstract. The structure of Sally modules of m-primary ideals / in a Cohcn- 
Macaulay local ring {A,m) satisfying the equality ei(/) — eo(/) — £a{A/I) + 1 is 
explored, where eo(/) and ei(/) denote the first two Hilbert coefficients of /. 

1. Introduction 

Let A be a Cohen-Macaulay local ring with the maximal ideal m and d = dim A > 0. 
We assume the residue class field k = A/m of A is infinite. Let / be an m-primary ideal 
in A and choose a minimal reduction Q = (ax, ci2, • ■ • , cid ) of /. Let 

R = R(/) := A[It] and T = R(Q) := A[Qt] C A[t] 

respectively denote the Rees algebras of / and Q, where t stands for an indeterminate 
over A. We put 

R' = R(/) := A[It,t-^], r = R(Q) := A[Qt,t-^], 

and 

G = G(/) := R'/r^R' ^ J"//"+^ 

n>0 

Let B = T/mT which is the polynomial ring with d indeterminates over the field k. 
Following W. V. Vasconcelos [13j, we then define 

Sq(/) = IR/IT 

and call it the Sally module of / with respect to Q. We notice that the Sally module 
S = Sq(/) is a finitely generated graded T-module, since i? is a module-finite extension 
of the graded ring T. 
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Let iA{*) stand for the length and consider the Hilbert function 



(n > 0) of /. Then we have the integers {cj = ej(/)}o<i<d so that the equahty 



holds true for all n ^ 0. 

The Sally module 5* was introduced by W. V. Vasconcelos \l3l, where he gave an 
elegant review, in terms of his Sally module, the works [IHl [TTl [12] of J. Sally about 
the structure of m-primary ideals / with interaction to the structure of G and Hilbert 
coefficients ej's. J. Sally firstly investigated those ideals I satisfying the equality ei = 
Go — ^a(^/-^) + 1 and gave several very important results, among which one can find 
the following characterization of ideals / with ei = eo — iA{A/I) + 1 and e2 7^ 0, where 
B{—1) stands for the graded i?-module whose grading is given by 1)]„ = -Bn-i for 
all n G Z. The reader may also consult with [2] and [H] for further ingenious use of 
Sally modules. 

Theorem 1.1 (Sally [12] , Vasconcelos [I3])- The following three conditions are equiv- 
alent to each other. 

(1) S = B{—1) as graded T -modules. 

(2) ei = eo - iA{A/I) + 1 and if d > 2, 62 ^ 0. 

(3) P = QP and iA^I^/QI) = 1- 

When this is the case, the following assertions hold true. 
(z) e2 = l,ifd> 2. 
(ii) Cj = for all 3 < i < d, if d > 3. 
(Hi) depth G > d — 1. 

The present research is a continuation of fTZl and aims at similar understanding of 
the structure of Sally modules of ideals / which satisfy the equality ei = Cq — (A//) + 1 
but e2 = 0. When mS' = (0), we denote by fisiS) the number of elements in a minimal 
homogeneous system of generators of the graded 5-module 5*. Let 




+ --- + (-l)'e. 



i=\J [/"+! : /"] = y [/"+! : (, 



n>l n>l 
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denote the Ratliff-Rush closure of / (cf. [8]), which is the largest m-primary ideal of A 
such that I I and 

ei{i) = ei{I) for all < i < d. 
With this notation the main result of this paper is stated as follows. 

Theorem 1.2. Suppose that d>2. Then the following four conditions are equivalent 
to each other. 

(1) mS = (0), ranks S = 1, and 113(8) = 2. 

(2) There exists an exact sequence 

^ B{-2) B{-1) © B{-1) ^0 

of graded T -modules. 

(3) ei = eo + 1, 62 = 0, and depth G >d-2. 

(4) P = QP, iA{P/QI) = 2, mP C QI, and iA{P/Q^I) < 2d. 
When d = 2, one can add the following condition: 

(5) iAil/I) = 1 and P = QI. 

When one of conditions (1), (2), (3), and (4) is satisfied, the following assertions hold 
true 

(i) depth G = d-2, 

(ii) eg = -1, ifd>3, 

[Hi) Cj = for all A < i < d, if d > 4, 

(tv) Ia{PIQ^I) = 2d-l, 
and, when d = 2 and condition (5) is satisfied, the graded rings G, R, and R' are all 
Buchsbaum rings with the same Buchsbaum invariants 

1(G) = 1{R) = I{R') = 2. 

Combined with Theorem II. this theorem gives, in the case where d = 2, a. complete 
structure theorem of Sally modules of those ideals I with ei = eo — iA{A/I) + 1 (cf. 
Theorem 13.11) . We could similarly describe the structure of Sally modules in higher 
dimensional cases also, if one could show that P = QP if ei = Cq — iA{A/I) + 1, which 
we surmise holds true, although we could not prove the implication. 
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Let US now briefly explain how this paper is organized. We shall prove Theorem 11.21 
in Section 3. The key for our proof of Theorem 11.21 is Theorem 12.41 whose applications 
we will closely discuss in Section 2. Section 2 is devoted also to some auxiliary facts on 
Sally modules, some of which are more or less known but we shall indicate brief proofs 
for the sake of completeness. If ei = 2 but P ^ QI, the ideal / naturally satisfies the 
equality ei = cq — + 1- In Section 4 we shall explore those ideals / with ei = 2 

but P 7^ QI, in connection with the Buchsbaum property of the graded rings R, G, 
and R' associated to /. We shall explore in Section 5 one example in order to illustrate 
our theorems. 

In what follows, unless otherwise specified, let {A, m) be a Cohen- Macaulay local 
ring with d = dim A > 0. We assume that the field A/m is infinite. Let / be an 
m-primary ideal in A and let S be the Sally module of / with respect to a minimal 
reduction Q = (ai,a2,--- , fld) of /. We put R = A[It],T = A[Qt], R' = A[It,t~'^], 
T' = A[Qt,t~^], and G = R'/t^^R'. Let M = xnT + T+ be the unique graded maximal 
ideal in T. We denote by H\f(*) {i G the i— local cohomology functor of T with 
respect to M. Let L be a graded T-module. For each n G Z let [H\^(L)]„ stand for the 
homogeneous component of H^^(L) with degree n. We denote by L{a), for each a G Z, 
the graded T-module whose grading is given by [L(a;)]„ = La+n for all n E Z. 

2. Preliminaries 

The purpose of this section is to summarize some auxiliary results on Sally modules, 
which we will use throughout this paper. Some of the results are known but let us 
include brief proofs for the sake of completeness. 

We begin with the following. 

Lemma 2.1. The following assertions hold true. 

(1) m^S = (0) for integers £ ^ 0. 

(2) The homogeneous components {S'„}„gz of the graded T-module S are given by 




(0) 

jn+l/JQn 



tfn < 0, 
if n> 1 . 



(3) S= (0) if and only if P 



QL 
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(4) Suppose that S ^ (0) and put V = S/MS. Let K {n e denote the ho- 
mogeneous component of the finite- dimensional graded T/M-space V with de- 
gree n and put A = {n e Z | 7^ (0)}. Let q — max A. Then we have 
A = {1, 2, • • • ,q} and 1^(7) — q-\-l, where 1^(7) stands for the reduction num- 
ber of I with respect to Q. 

(5) S = TSi if and only if P = QP . 

Proof Let u = and notice that S = IR/IT ^ IR'/IT' as graded T-modules. We 
then have u^-{IR'/IT') = (0) for some £ > 0, because the graded T'-module IR'/IT' 
is finitely generated and [IR'/IT']n = (0) for all n < 0. Hence m^-S = (0) for £ » 0, 
because = {Qt^)u^ C u^T' fl A and m = -/Q. This proves assertion (1). 

Since [77?]„ = (7"+^)t" and [7T]„ = (7Q")t" for all n > 0, assertion (2) follows 
from the definition of the Sally module S — IR/IT. Assertion (3) readily follows from 
assertion (2). 

To show assertion (4), notice that Vi = Si/mSi ^ (0), since S — Y^n>i^ri and 
Si ^ 77^7 ^ (0). Hence 1 e A. Let i e A and put = dim^ V^, where k = T/M. We 
choose elements {^i,j}i<j<ai of Si so that the images of {Cij}i<j<Qi ^ form a /c-basis 
of Vi. Hence, thanks to graded Nakayama's lemma, we have 

igA j=l 

Let be the image of Xi^jf in S with e 7*+^. 

Let n > 1 be an integer and assume that n ^ K. Choose x e 7"+^ and let ^ be the 
image of xt^ in S. We write 

i&K,i<n j=l 

with G T„-i. Then, letting 99,^ = bijt"'~^ with 6jj G \ we get 

i6A,i<n j=l 

whence x e ^7", because ^'i j^^i j e ^""^7^+^ C g7" for alH e A such that i < n. 
Thus 7"+^ = g7". Suppose now n < q. Then 7*+^ = g7^ whence Sq C T+,S and so 
Vq — (0), which is impossible. Hence A = {1, 2, • • • , q}. Choosing n — q-\-l, the above 
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observation shows that J"?"^^ = QI'^'^^, whence rQ(/) < g + 1. If r = 1^(7) < g + 1, we 
have 1'^+^ = QI"^, whence Sq C T+S, which is absurd. Thus rQ(/) = q + 1. This proves 
assertion (4). Assertion (5) is now clear. □ 

Proposition 2.2. Let p = xnT. Then the following assertions hold true. 

(1) Asst5 C {p}. Hence diniT^ = d, if S ^ (0). 

(2) = eo("+'') - (eo - - USn) for all n > 0. 

(3) We have ci = eo — £a(^/-^) + ^rp('S'p). Hence ei = Cq — Ia{.^/ I) + ^ if o-nd only 
if mS = (0) and ranks S = 1. 

(4) Suppose that S 7^ (0). Let s = depthj, S. Then depth G = s — 1 if s < d. S is 
a Cohen- Macaulay T -module if and only z/ depth G > d — 1. 

Proof. (1) Let P G Asst^S*. Then p = mT C P, since m^S = for some £ 3> (Lemma 
12.11 (1)). Since ht^p = 1, it is enough to show that ht^P < 1. We look at the exact 
sequence 

LTp~^ LRp 

of Tp-modules and recall that IT is a Cohen-Macaulay T-module with dim-r IT = d-\-l, 
because 

T//T = (A/L) ®A/Q (T/QT) 

is the polynomial ring with d indeterminates over A/L and T is a Cohen-Macaulay 
ring with dimT = + 1. Notice now that ai G P is a nonzero divisor on LR, whence 
depthj.^ LRp > 0. Thanks to depth lemma, it follows from the above exact sequence 
that dimxp LTp = 1, since depth^^^ LRp > and depthj.^ Sp = 0. Hence dim Tp = 1, 
because LT is a Cohen-Macaulay T-module with (0) -.t LT = (0). Thus P = p so that 
we have AsstS = {p} as is claimed. 

(2) Let n > be an integer. Then, thanks to the exact sequence 

O^Sn^ A/Q^'L ^ ^ 

of A-modules (Lemma 12.11 (2)), we have 

£^(A//"+i) = tA{A/Q^L) - £^(S'„), 
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while by the exact sequence 

^ g"/g"/ ^ A/Q''i Ajq" o 

we get 

= eA{A/Qy(^ ^ d ~ ^) + ^^(^VQ"^) 

because Cq = iA{A/Q) (recall that Q — (01,02, • • • ,0^) is a minimal reduction of /). 
Thanks to the isomorphisms 

Q^Q^I ^ {A/I) ^A iQVQ''^') = (A/I) ®A [(^/g)("^-i')] = {A/iy"^'"' 
we furthermore have the equality 

'n + d-V 



d-1 



Thus 

£a{A/I^+') = £A{A/Q^I)-iAiSn) 

= [eo ^ - ^0 ~ ^) + UQVQ"'!)] - USn) 

- eo(^^')-(eo-MA//))-(^;^;^)-M^.) 

for all n > 0. 

(3) If S' = (0), then ci = Co — Ia{A/I) by assertion (2). So, we may assume that 
5 ^ (0). We take a filtration 

>5 = Lo D Li D • • • D = (0) 

of the graded T-module 5" such that each Lj is a graded T-submodule of 5" and 

L,/L,+i ^ {T/Pi){-ai) 
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with some integer ctj for all < i < g, where Pj is a graded prime ideal of T. Then, 
because Assr-S" = MinT-S" = {p}, we see that p Q Pi for all < i < 5. We furthermore 
have 

^T,{Sp)=i{i\Q<i<q,P^Pi}, 

since 

q-l q-l 
i=0 i=0 

T IP.T - ! ifP = ^i 

ip/^Up - j (0) if p c Pi. 

On the other hand, we have 

q-l q-l 
1=0 i=0 

for all n e Z. When p = Pj, we get 

— ai + d — V 



and 



d-1 



n + d-l\ fn + d-2\ , 
] — Oiii r, + (lower terms) 

o— 1 / \ d — 2 J 

and when p C Pj, we have dim T/Pj < d, so that the degree of the Hilbert polynomial 

of T/Pj is less than d — 1. Consequently, the normahzed coefficient in degree d — 1 of 

the Hilbert polynomial of the graded T-module S is exactly equal to iTp{Sp) so that, 

thanks to assertion (2), we get the equality Ci = Cq — iA{A/I) + (Sp). 

To see the second assertion, recall that AsstS = {p}. If irpiSp) = 1, then pSp = (0), 

so that p^ = (0); hence m^* = (0) and rank^^* = £Tp{Sp) = 1. The reverse implication 

is clear. 

(4) Recall that s < d = dim^ S. Because IT is a Cohen-Macaulay T-module with 
dimy IT — d + 1, by the exact sequence 

(a) O^IT^IR^S^O 

we have depth-p IR > d if s = d and depthj. IR = s if s < d, thanks to depth lemma. 
We put L = P+ and notice that IR = L{1) as graded P-modules. Therefore, since A 
is a Cohen-Macaulay ring with dim A — d,hy the exact sequence 
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we have depth i? > d if s = d and depth i? = s ii s < d. Hence, thanks to the exact 
sequence 

(c) ^ IR^ R-* G -^0, 

we get depth G>d — liis = d. If s < d, then depth R = s, so that by [SI, Theorem 
2.1] we get depth G = s — 1. 

Suppose that depth G > d—1. Then depth R> dhy ^ Theorem 2.1], whence by the 
exact sequence (6) we have depth^ L > d, so that depth^- 5* > by the exact sequence 
(a). Hence 5* is a Cohen-Macaulay T-module. □ 

Combining Lemma [2.11 (3) and Proposition 12.21 we get the following result of D. G. 
Northcott and C. Huneke. 

Corollary 2.3 (H [7]). We have ei > cq - ^a(-4//). The equality ei = cq - iAiA/I) 
holds true if and only if P = QI. When this is the case, e^ = for all 2 < i < d, 
provided d > 2. 

The following result is the heart of this paper. 

Theorem 2.4. The following conditions are equivalent. 

(1) mS = (0) and rank^S = 1. 

(2) Either S = B{—1) as graded T -modules, or S = a as graded T -modules for some 
graded ideal a (7^ B) of B with ht^ci > 2. 

Proof. We have only to show (1) ^ (2). Because 5*1 7^ (0) and S = J2n>i Lemma 
I2.lt we have S = B{—1) as graded i?-modules once S is 5-free. 

Suppose that S is not 5-free. The -B-module S is torsionfree, since Assj-S' = {mT} 
by Proposition 12.21 (1). Therefore, since rank^S* = 1, we see d > 2 and S = a{m) as 
graded i?-modules for some integer m and some graded ideal a (7^ B) in B, so that we 
get the exact sequence 

^ S{-m) ^ B ^ B/a^O 
of graded 5-modules. We may assume that ht^ a > 2, since B = k[Xi,X2, ■ ■ ■ ,XJ 
is the polynomial ring over the field k = A/m. We then have m > 0, since a.m+i = 
[a(m)]i = Si ^ (0) and ao = (0). We want to show m = 0. 
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Because dim5/a < c? — 2, the Hilbert polynomial of B/a has degree at most d — 3. 
Hence 



iAiSn) = iA{B.^+n)-iA{[B/a]„ 

+ n + d — 1^ 
d-1 



i{B/a] 



m+n ) 



n + d-l\ fn + d-2". . 
^ ^ l+ml ^ 2 ) + (lower terms) 



for n ^ 0. Consequently 



fn + d\ . „ , . iT\ -,\ f^ + d-l\ fn + d-2 
+ (lower terms) 

by Proposition 12.21 (2), so that we get e2 = —m. Thus m = 0, because e2 > by 
Narita's theorem (|6]). □ 

We note some consequences of Theorem 12.41 

Corollary 2.5. Suppose ei = eo - ^a(^//) + 1 and P = QP. Let c = Ia{P/QI). 
Then the following assertions hold true. 

(1) < c < (i and fiB^S) = c. 

(2) depth G > d ~ c and depth^ S = d — c + 1. 

(3) depthG = d - c, if c > 2. 

(4) Suppose c<d. Then £a(A//"+') = eo ("+'^) -ei {''+'^-') + for alln>0 
and 

f zfi^c+l 
\ (-1)^+^ ift = c+l 

for2<i<d. 

(5) Suppose c = d. Then £a{A/I''+^) = eo("+'^) - ei("+^7^) for all n > 1. We have 
ei = for all2<i<d, ifd>2. 

Proof We have mS = (0) and rank^ S* = 1 by Proposition 12.21 (3). while S = TSi since 
P = QP (cf. Lemma [2.11 (5)). Therefore by Theorem 12.41 we have = a as graded 
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S-modules where a = [Xi, X2, ■ ■ ■ ,Xc) is an ideal in B generated by linear forms 
{Xi}i<i<c- Hence < c < d, fisiS) = c, and depths S = d — c + 1, so that assertions 
(1), (2), and (3) follow (cf. Proposition 12.21 (4)). Considering the exact sequence 

^ S ^ B ^ B/a^O 

of graded 5-modules, we get 

iA{Sn) = iA{Bn) -iA{[B /a]n) 

_ /'n + d-l\ /'n + d-c-l\ 
V d-'^ J ~ \ d-c-1 ) 

for all n > (resp. n > 1), if c < d (resp. c = d). Thus assertions (4) and (5) follow 
(cf. Proposition O (2)). □ 

Let / = IJn>i[-^"^^ • -^T Ratliff-Rush closure of / ([8j), which is the largest 

m-primary ideal in A such that I ^ I and ei{I) = Qi for all < z < d. 

Corollary 2.6. Suppose that d> 2. Then the following three conditions are equivalent 
to each other. 

(1) S = B^ as graded T-modules. 

(2) ei = eo - ^a{A/I) + 1, P = QP, and e^ = for all2<i<d. 

(3) /3 = QP, iA{I/I) = I, and P = QI. 
When this is the case, depth G = 0. 

Proof Let c = Ia{P/QI). 

(1) ^ (2) and the last assertion This follows from Corollary 12.51 Notice that 
c = Ia{,Si) = d and P = QP, because S = B^. 

(2) =^ (1) We have c = by Corollary [23] (4), (5), because e^ = for all 2 < z < ci, 
so that S^B+ (see Proof of Corollary [23]) . 

(2) =^ (3) We have depth G = by Corollary [23] (3), since c = d. Now we apply local 
cohomology functors H\^(*) of T with respect to the graded maximal ideal M = mT+T+ 
to the exact sequences 

O^IR^R^G^O and 0^/r^/i?^^^0 
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of graded T- modules and we have the monomorphism 

RUG) Hl,(/i?) 

and the isomorphisms 

Hl,(/i?) ^ n\j{S) = B/B+ 

of graded T-modules (recall that S = -B+ and IT is a Cohen-Macaulay T-module with 
dim^/T = d + 1). Consequently, because H°^(G') 7^ (0) and £a{B/B+) = 1, we get 

H°,(G) - RUIR) - RlAS) - B/B+, 

whence H^/(G) = [H^f(G)]o ^ (0). Thus = 1 since [H^(G')]o = ///• Therefore 

it follows from the equality ei = eo — + 1 that 

ei{i)=eo{i)-iA{A/f), 

because ei(J) = e^ for i = 0,1 and iA{A/r) = ^^(A//) + 1. Hence P = QI by Corollary 

m 

(3) =^ (2) We have ei = eo - iAiA/I) + 1 and e^ = for all 2 < z < rf, since 

ei(/) = eo(/) - iA{A/i) = eo - + 1 and ei(/) = for all 2 < i < (cf. 

Corollary EJD. □ 

Let us include a proof of Theorem 11.11 in our context, in order to show how our 
arguments work. 

Proof of TheoremUJi (1) (3) See LemmaO(2), (5). 

(3) (1) By Lemma[2II](5) we have S = TSi, whence = (0) because ^1 ^ P/QI 
and iA{I'^/QI) = 1- Therefore we have an epimorphism B{—1) S which has to 
be an isomorphism, since dim^ S = d. 

(1) =^ (2) and the last assertions We have = since S = TSi, whence the 
assertions follows from Corollary 12.51 (notice that c = 1). 

(2) (1) We have mS = (0) and rank^S = 1 by Proposition O (3), while the 
S-module S is torsionfree by Proposition 12.21 (1). Hence S is B-free if c? = 1, so that 
S = B{—1) as graded T-modules (notice that 5*1 7^ (0)). 

Assume that d = 2. Then we have an exact sequence 

(a) 0^ B{-1) ^ S ^0 
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of graded S-modules with dimsC < 1. Therefore £a('5'„) = iA{Bn-i) + ^A(C'n) = 
(i) + ^A{Cn) for all n > 1, so that by Proposition O (2) 

eA{A/r^') =eo(^^^^- (eo - iA{A/I) + i^(Cn)). 

Consequently e2 = 1 — ^A(Cn) > by Narita's theorem [6|. Hence = for all 

n > 1. Thus £yi(C) < 1, so that C = (0) by exact sequence (a). 

Now let c? > 3 and assume that our assertion holds true for d — 1. Choose the 
element ai E Q so that ai is a superficial element of / (this choice is possible, because 
the field A/m is infinite). Let A = A/{ai), I = I/{ai), and Q = Q/{ai). Then all the 
assumptions of condition (2) are safely fulfilled for the ideal / in A, since ei{A) = Cj for 
all < i < — 1. Consequently the hypothesis of induction yields that depth G(/) > 
{d — 1) — 1 = d — 2 > and so, thanks to Sally's technique [12], we see that ait is a 
nonzerodivisor for G, whence = QP because / = Q I . Thus S = B{ — 1) as graded 
5-modules by Corollary 12.51 (notice that c = 1). □ 

3. Proof of Theorem 11.21 
The purpose of this section is to prove Theorem II. 2[ Let us begin with the following. 

Theorem 3.1. Suppose that d = 2. Then the following three conditions are equivalent 
to each other. 

(1) ei = eo-eA{A/I) + l. 

(2) Either S = B{—1) as graded T -modules or S = as graded T-modules. 

(3) Either (a) P = QP and Ia{P/QI) = 1, or (b) £a(///) = 1 and P = QI . 

We get e2 = 1 {resp. e2 = 0) if condition (3) (a) {resp. condition (3) (6)) is satisfied, 
and furthermore have the following 



62 


rQ(/) 


depthgS" 


depth G 


1 


2 


2 


2 ^fQlP 


1 


2 


2 


1 if Q^P 





2 


1 


G is a Buchsbaum ring with I{G) = 2. 



Proof. (1) => (2) Thanks to Corollary 12.51 and its proof, we have only to show that 
P = QP. This equality directly follows from a result of M. Rossi P, Corollary 1.5]. 
Let us note a proof in our context for the sake of completeness. 
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We have mS = (0) and rank^ S = 1. Assume that 5* ^ 1) as graded S-modules. 
Then by Theorem 12.41 we have S* = a as graded 5-modules for some graded ideal a ^ B 
with hts a = 2. We will show that a = B^. Since ai = 5*1 7^ (0), the ideal contains a 
linear form / 7^ of 5, so that the ideal a/(/) of B/{f) is principal, since B/{f) is the 
polynomial ring with one indeterminate over the field k = A/xn. We write a = {f,g) 
with a form g & B. Then f,g is a. regular sequence in B, since ht^a = 2. Let a = deg g. 
Then a < 2 by Lemma 12.11 (4) . We will show that a = 1. 

Assume that a = 2. Then, since S = a = {f,g), the graded _B-module S has a 
resolution of the form 



in which the homomorphism if is defined by ip{ei) = C, & Si and ip{e2) = rj E S2 (here 
{61,62} denotes the standard basis of B{—\) © B{—2)). Let a E c E Q^, x G 
and y & P such that / and g are, respectively, the images of at and ct^ in B and ^ 
and Tj are, respectively, the images of xt and yt^ in S. We notice that a ^ mQ so that 
Q = (a, b) for some h E Q. Hence c = a^zi + abz2 + 6^2:3 for some Zi, Z2, and G A. 

Let us now consider the relation g^ + frj = Q 'm. S3, that is, cx + ay G Q^I. We 
write cx + ay = {a'^zi + abz2 + b'^Z2,)x + ay = a^i + iP'j with i, j G (recall that 
= (a^, h'^)Q). We then have that ay' = where y' = y + azix + 622a; — ai and 
x' = j — z^x. Therefore x' = ah and y' = b^h for some h E A, because the sequence a, 
b"^ is A-regular. Hence h E : (a^, 6^) C /, because a'^h = ax' G and = y' G /'^. 
Now notice that 5* = B^ + fir]. We then have Si = BqC^ and S2 = BiSi + BqI], whence 



We need the following. 
Claim 1. h ^ I and x' = ah ^ QI. 

Proof. Assume that h E I. Then y' = b'^h G Q^I so that y = y' — aziX — bz2X + ai G QI^, 
whence P = QP + iy) = QP. This forces S = BSi, which is impossible because a = 2. 
Thus h ^ I. Suppose ah G QI and let ah = aii + bi2 with ii,i2 G /. Then a{h — ii) = bi2 
and so h — ii E (&). Hence h E I, which is impossible. □ 




Ia{P/QI) = 1 and P 



Qi' + {y). 
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Because > 1 by this claim, we get the following. 

ei = eo-^A(^//) + l 

= eo(7)-£A(A/7)-(£A(7//)-l) 

< ei(7) 
= ei, 

where eo{I)—lA{,A/ 1) < ei(J) is the inequality of Northcott for the ideal / (cf. Corollary 
EJD. Then we have Ia{I/I) = 1 and ei(7) = eo(7) - £a(^/7), so that I = I + (h) and 
P = QI by Corollary 12.31 since Q is also a reduction of /. Thus the associated graded 
ring of J is a Cohen- Macaulay ring and so (a) H = al^~^ for all n G Z, because at is 
G(J)-regular. 

Now recall that x' = ah ^ QI and we have P = QI + {ah), since Ia{P /QI) = 1- 
Let A = A/ (a), I = I /(a), and Q = Q/{a). Then I^ = Q I, and so = Q I^ , whence 
/3 C Q/2 + (a). Thus P = QP + [(a) n P]. On the other hand 

(a) n /3 C (a) n 73 = a72 = aQI = {aQ){I + (h)) = {aQ)I + x'Q C Qp, 

whence P = QP so that a = 1, which is the required contradiction. Thus S = BSi 
and S ^ B+. 

(2) =^ (3) See Theorem 11.11 and Corollary 12. 6[ 

(3) =^ (1) If condition (a) is satisfied, we have by Theorem 11.11 assert ion (1). Suppose 
condition (b) is satisfied. Then ei = ei(/) = eo(/) — iA{A/I) = cq — iA{A/I) + 1 (cf. 
Corollary EJD. 

We now consider the last assertions. Suppose condition (3) (a) is satisfied. Then 
e2 = 1 by Theorem O If <5 ^ P, then P = Q n P QI, so that G is not a 
Cohen-Macaulay ring. HQ 2 P, then Q (1 P = QI because Ia{,P/QI) = 1 and 
P D Q f] P ^ QI. Since P = QP, this yields G is a Cohen-Macaulay ring. 

Suppose condition (3) (b) is satisfied. Then, since P = QI, e2 = by Corollary 12.31 
(recall that e2(/) = e2) and R'(-^) is a Cohen-Macaulay ring. We furthermore have the 
following. 

Claim 2. J" = /" for alln>2. 
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Proof. We have S = 5+ as graded T-modules, because e2 = 0. Hence H°^(G) = 
[H^./(G')]o, thanks to Proof of Corollary EH (2) (3). Let n > 2 be an integer. We 
then have 

[/"nr-^]/r = [H°,(G)]„_i = (o). 

Consequently J" = J", because /" C J" n/""^ (recall that /" = Q""^/, since P = QI). 
Thus /" = /" for all n>2. □ 

We put W = K'{I)/R' and look at the exact sequence 

(H) ^ R'{i) R'{i)/R' 

of graded i?'-modules. Notice that W = Wi = I /I by Claim [2] whence = 1- Let 

= (m, t~^)R' be the unique graded maximal ideal in R' . Then because R'(/) is a 
Cohen-Macaulay ring, applying functors H^(*) to the exact sequence (jj), we see that 
W^{R') = (0) for all i ^ 1,3 and Hjv(/?') = W. Thus R' is a Buchsbaum ring with the 
Buchsbaum invariant 

1=0 

whence so is the graded ring G = R'/t~^R'. We similarly have that i? is a Buchsbaum 
ring with I(_R) = 2, because R(/) is a Cohen-Macaulay ring and R(/)/-R = [R(/)/i?]o = 
///. This completes the proof of Theorem 13. 1[ □ 

We are now in a position to prove Theorem 11.21 

Proof of TheoremlTE (1) (3) We have ci = Cq - ^a(^//) + 1 by Proposition O 
(3) and so e2 = by Theorem 11.11 Because S ^ B{—1), by Theorem 12.41 we get 
= a as graded 5-modules for some graded ideal a (7^ B) in B with ht^a > 2. Since 
/^_b(ci) = fJ'B{S) = 2, the ideal a is a complete intersection with ht^a = 2, so that 
depth^ B/a = d — 2, whence depth^ S = d — 1. Thus depth G = d — 2 hj Proposition 
0(4). 

(3) (2) First of all let us show that P = QP. Thanks to Theorem EH we may 
assume that d > 3 and our assertion holds true for d—1. Since depth G > rf — 2 > 0, we 
may choose ai E Q so that ait is a nonzerodivisor in G. Let A = A/{ai),I = //(ai), 
and Q = Q/{ai). Then, because G(J) = G/ait-G and ej(/) = Cj for all < i < — 1, 
we see condition (3) is satisfied for the ideal /, so that / = Q I whence P = QP. 
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Therefore, since e2 = 0, we see in Corollary 12.51 that c = fisiS) = 2, whence assertion 
(2) follows (cf. Proof of Corollary ESD. 

(2) (4) We have mS = (0), S = TSi, and Si ^ Bl Hence mP C QJ, P = QP, 
and Ia{PIQI) = (a{Si) = 2. We similarly have 

iAil'/Q'l) = iA{S2) = 21a{B,) - iA{Bo) = 2d-l<2d. 

(4) ^ (1) We have S = TSi and so mS = (0), since m^i = (0). Because £^(^1) = 2, 
we have an epimorphism 1)^ ^ 5 ^ of graded i?-modules, which cannot be an 
isomorphism since iA{S2) = £a{P / IQ^) < 2d. Thus rank^ S* = 1, so that we have 
f^niS) = 2 by Corollary [H 

See Theorem 13.11 for the equivalence between condition (5) and the others. See 
Corollary 12.51 and Proof of Theorem 13.11 for the last assertions. □ 

We note the following. 

Example 3.2. Let A = k[[X, Y, Zi, Z2, ■ ■ ■ , Zm\] {iti > 0) be the formal power series 
ring over a field k. Hence dim A = m + 2. We put 

Q = {X\ Y\ Zi, Z2, ■ ■ ■ , Z^) and / = g + (X^F, XY^). 

Then 

mP C QJ, Ia{P/QI) = 2, eA{P/Q^I) < 2d, and P = QP, 

where d = m + 2. Hence condition (4) in Theorem 11.21 is satisfied, so that m5' = 
(0), ranks S = 1, and finiS) = 2. We have iA{A/Q) = 16 and = H and 

for all n > 1, if m = 0. If m > 1, we get 

for all n > 0, whence ea = — 1 and e^ = {2 < i < d, i 3) . 

Proof. Because G = G{{X\ X^Y, XY\ Y^))[Zi, Z2, ■ ■ ■ , Z^] (the polynomial ring), the 
case where m > follows easily from the case m = (see Theorem 11.21 (3)). Let 
m = 0. Then P = QI + {X'^Y^ , X^Y^) . It is routine to show that mP C QI, 
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iAilVQI) = 2, and /3 = QP. We have QP = Q'^I + {X^^Y\X^Y^,X^Y^^), whence 
iAilVQ'I) = 3. □ 

Before closing this section, let us study ideals with ei = 2. 

Theorem 3.3. Suppose that ei = 2 and P ^ QI . Then the following assertions hold 
true. 

{l) iA{l/Q)=iAilVQl) = i. 

(ii) P = QP. 

(Hi) S = B{—1) as graded T-modules. 

{iv) depth G = d — 1. 

(f ) 62 = 1, if d > 2 and Cj = for 3 < i < d, if d > 3. 

Proof. Since P ^ QI, we get 

< Ia{IIQ) = eo - < ei = 2 

by Corollary [231 Therefore £a(//Q) = 1 and ei = eo - + 1- Let / = Q + (x) 

with X e A. Then P = QI + (x^), so that £a(/V<5^) = 1 because P ^ QI and 
ml C Q. We will show by induction on d that P = QP and depth G > d — 1. Since 
£a{Si) = Ia{I'^/QI) = Ij thanks to Theorems 11.11 and I3.H we may assume that d> 3 
and our assertion holds true for d — 1. Choose oi G Q so that ai is a superficial element 
of /. Then, passing to the ideals / = //(cti) and Q = Q/{ai) in the ring A = A/{ai), 
we get ei(/) = ei = 2. We claim that I^ ^ Q I. In fact, if I^ = Q I, then the ring G(/) 
is Cohen-Macaulay. Hence Sally's technique [12] works to get that ait is regular on G, 
so that P = QI, which is impossible. Consequently, the hypothesis of induction shows 
I^ = Q I^ and depth G{I) > {d — 1) — 1 = d — 2 > Q . Thus, thanks to Sally's technique 
again, we get ait is regular on G, so that P = QP and depth G > d — 1. Since ml C Q, 
we get P C Q, so that G is not a Cohen-Macaulay ring; otherwise, P = Q H P = QI. 
Hence depth G = d — 1. See Theorem 11.11 for assertions (iii) and (v) . □ 

Corollary 3.4. Suppose that ei = 2. Then depth G > d — 1. The ring G is Cohen- 
Macaulay if and only if P = QI. 
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4. BUCHSBAUMNESS IN THE GRADED RINGS G ASSOCIATED TO IDEALS WITH Ci = 2 

The purpose of this section is to study the problem of when the associated graded 
rings G are Buchsbaum for the ideals / with ei = 2. 

We assume that ei = 2 but P ^ QI. We have depth _R = Theorem 2.1]), 

because depth G = d — Ihy Theorem 13.31 Let = mi? + and let 

a,(G) = sup{n G Z I [HV(G)]„ ^ (0)} 

for < 2 < (i. 

Lemma 4.1. The following assertions hold true. 

(1) arf(G) = 2-dand ^A{[K{G)]2~d) = 1- 

(2) ad_i(G') = l-dand ^A{[K\G)]l-d) = 1- 

In particular, H^(G') = [H^(G')]o and G is a Buchsbaum ring, if d = 1. 

Proof. Suppose d = 1. Let a = oi and / = at. Then = a/^ by Theorem 13.31 Let 
n > 1 be an integer and x G Then since 1"+^ = a/""'"^, we get x G /""^^ if ax G /"^^. 
Thus (0) :g / = [(0) -.G f]o- Hence (0) -.g /" = (0) :g / for all n > 1, so that 

R%{G) = (0) :g / = [(0) :g /]o = ///• 

In particular Ia{I /I) > 0. Because 

ei = eo-iAiA/I) + l 

= eo{T)-UA/I)-{iA{I/I)~l) 

< eo{I)-lA{A/I) 

< ei(7) 
= ei, 

we get Ea^I / 1) = 1, which proves assertion (2). In particular, H^(G') = [II^(G)]o and G 
is a Buchsbaum ring. Because (0) :g f = H^(G'), we have the following exact sequence 

^ }1%{G) ^ G/fG ^ Hjv(G')(-l) ^ H]v(G') ^ 

of local cohomology modules. Hence ai(G') = 1, because H^(G') = [H^(G)]o and 
G/fG = A/I®I/Q®P/QI with JVQ/ ^ (0). We have [G//G]2 = [H]v(G')]i, whence 
fAlPjvlG)]!) = Ia{P/QI) = 1 by TheoremEJl 
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Now we consider the case where d > 2. Because depth G = — 1 > by Theorem 
13. 3[ we may assume that / = ait is regular on G. We put A = A/{ai), 1 = 1/ (ai), and 
Q = Q/i'^i)- Then ei(J) = 2 and f' ^ Q I (cf. Proof of Theorem 13.31) . Hence, thanks 
to the hypothesis of induction, we have assertions (1) and (2) for the ideal /. We now 
look at the exact sequence 

(*) - K\G(I)) - H^^-^(G)(-l) ^ U%-\G) - 

of local cohomology modules which is induced from the canonical exact sequence 

^ G(7) ^ 

of graded G-modules. Then, since ad_2(G(/)) = 2 — (i, we get a monomorphism 
[^'^N\G)]n ^ [R'}i\G)]n+i for all n > 2-ci, whence [R'}^\G)]n = (0) for all n > 2-ci. 
Thus arf_i(G') < 1 — d and 

Therefore a,_i(G') = 1 - and £^([H^-i(G)]i_rf) = £^([<-2(G(7))]2-rf) = 1. 
On the other hand, letting a = ad(G), in exact sequence (*) above we see that 
[H^(G)(-l)]a+i = [ilUG)l (0)) is a homomorphic image of [H^-i(G(7))]a+i. Hence 
a + 1 < ad_i(G(/)) = 3 — c/, whence a. < 2 — d. Because {G)\i^d = (0) and 

[H5^(G)]3-d = (0), by exact sequence (*) we have [H^-i(G(7))]3_d = [H^(G)]2_rf. Con- 
sequently, ad{G) = 2 — d and iA{[ii%{G)]2^d) = 1, as is claimed. □ 

We are in a position to state the main result of this section. See Theorem 15.11 for an 
example whose associated graded ring G is a Buchsbaum ring. 

Theorem 4.2. The following two conditions are equivalent to each other. 

(1) G is a Buchsbaum ring. 

(2) R%-\G) = [K-\G)],^d. 

When d > 2, one can add the following. 

(3) R is a Buchsbaum ring. 



SALLY MODULES OF RANK ONE 



21 



Proof. (2) ^ (1) By Lemma O we have N-R'j^^G) = 0, since m-[H^-^(G')]i_d = (0). 
Hence G is a Buchsbaum ring, because depth G = d — 1 hj Theorem 13.31 

(1) =^ (2) By Lemma [4.11 we may assume that d > 2 and our assertion holds true 
for d — 1. Since depth G = d — 1 > 0, we may assume that / = ait is regular on 
G. Similarly as before, let A = A/{ai), I = I/{ai), and Q = Q/{ai). Then G(/) = 
G/fG is a Buchsbaum ring with depth G(/) = d — 2. Hence, thanks to the hypothesis 
of induction, we get il%-\G(l)) = [li%-'{G(l))]2-d. Thus ll%~\G) = [}i%-\G)]i.,, 
because H^^(G(/)) = H^^(G)(— 1) (see the exact sequence (*) in Proof of Lemma 

m- 

Suppose that d >2. 

(3) =^ (1) Apply functors H^(*) to the exact sequences 

0-^R+-^R^A^O and ^ R+{1) ^ R ^ G ^ 0. 
Then, since depth i? = d (cf. [SI Theorem 2.1]), we get the exact sequences 

^ H^(i?+) R%{R) ^ RiiA) and 

- ii%-\G) - KiR+m - KiR) KiG). 

Because i? is a Buchsbaum ring, A^-H^(i?) = (0) and so A^-H^(i?+) = (0). Thus 
N-R'}^\G) = (0), whence G is a Buchsbaum ring. 

(2) =^ (3) Look at exact sequences (**). Then 

[}i%{R+)]n+l [H^(-R)]n 

for all n > a.d{G) = 2 — d. Hence 

[^%mn = [<(i?+)]n = (0) 

for all n > 2 — d. We have 

[H^(-R+)]n - [^NiR)]n 

for all n < and 

[H^(i?+)]„ = [KiR+)il)]n-l [<(i?)]n-l 

for all n < 2 - rf, since H^-i(G) = [R'}^\G)]i^d- Therefore, since d > 2, [H^(i?)]„ is 
embedded into [l{%{R)]n-i for all n < 2 - d. Hence [}l%{R)]n = (0) for all n < 2 - d. 
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because H^(i?) is a finitely graded -R-module (cf. [T]; recall that G is a Buchsbaum 
ring). Thus 

H^(-R) = [H^(-R)]2-d- 
Because [H^(i?+)]3_d = (0), by exact sequence (**) we have 

[}i%{R)]2-d ^ [H^(G)]2-d, 

so that £a(RUR)]) = 1, since iAi[^i{G)]2-d) = 1 by Lemma O and depth R = dhy 
[5], Theorem 2.1]. Thus N-llff{R) = (0), whence i? is a Buchsbaum ring. □ 

5. An example 

In this section we explore the following example which satisfies the conditions Theo- 
rem [LT] (1) and Theorem 14.21 (1). The eaxmple is a generalization of an example given 
by the first author [3], where the case A = is explored. 

Let m > d > he integers. Let A be a subset of {1,2,- ■■ , m} such that A n 
{1,2,--- ,d} = 0. Let 

U = k[[X^,X2,--- ,X^,V,Y,,Y2,--- ,Ya]] 
be the formal power series ring over a field k and let 

d 

a = (Xi, X2, ■ ■ ■ , X„)-(Xi, X2, ■ ■ ■ , V) + {V^-Y1 ^^^^)- 

1=1 

We put A = U/a and denote the images of Aj, V, and Yj in A by Xj, v and aj, 
respectively. Then dim A = d, since a/o = (Ai, A2, ■ ■ ■ , A^, V^). Let m = (xj | 1 < j < 
m) + (v) + {ai \ 1 < i < d) be the maximal ideal in A. We put 

/ = (ai, 02, ■ ■ ■ , ttd) + {xa \ a e A) + (v) and Q = (ai, 02, ■ ■ ■ , a^). 

Then = Qm, P = QI + (f^) ^ QI, and = QP (cf. Lemma ESI below) , whence 
Q is a minimal reduction of both m and /, and ai, 02, ■ ■ ■ , ctd is a system of parameters 
for A. 

We are now interested in the Hilbert coefficients e[s of the ideal / as well as the 
structure of the associated graded ring and the Sally module of I. We maintain the 
same notation as in the previous sections. 

We then have he following. 
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Theorem 5.1. The following assertions hold true. 

(1) A is a Cohen- Macaulay local ring with dim A = d. 

(2) S = B{—1) as graded T -modules. 

(3) eo = m + 2 and ei = jjA + 2. Hence, ei = 2 but P ^ QI, z/ A = 0. 

(4) 62 = 1, if d > 2 and ej = for all 3 < i < d, if d > 3. 

(5) G is a Buchshaum ring with depth G = d — 1 and £^(H^^(G')) = 1. 

We divide the proof of Theorem 15 . 1 1 into several steps. Let us begin with the foUowing. 

Proposition 5.2. Let p = a/(Xi,X2,--- F) in U. Then iu, (Ap) = m + 2. 

Proof Let k = k[Yi, ^] and U = U[^]. We put = ^ for 1 < i < m, T,- = ^ for 
2 <j <d, and W = ^. Then U = k[Zi, Z2, - ■■ , Zm, V, T2, T3, ■ ■ ■ , and 

d 

aU = {Z,, Z2, ■ ■ ■ , ZJiZ,, Z2, ■ ■ ■ , Z^, l^) + (W^' - TjZ, - Z,). 

Because the elements {^i}i<j<m, W^, and {Tj}2<j<d are algebraically independent over 
k, we have 

TT/pTT ^ 77 = /i:[^2, ^3, • • • , ^m, W^, ^2, T3, ■ ■ ■ , Tj 

/ ~ (W^^Z2,Z3,-- - ,ZJ-(Z2,Z3,--- 

where we substitute Zi with W'^ — ^^^g^j^j- Then the ideal pU / KU corresponds to 
the prime ideal P = {Z2, Z^,-- - , Z^, W). Thus iu, i^p) = (Up) =m + 2. □ 

Now we have eo(Q) = iuf,{Ap)-eQ^'''^{{Q + pA)/pA) = m + 2 by the associative 
formula of multiplicity, because p = i/a and U/p = k[Yi,Y2, ■ ■ ■ ,Yd]. On the other 
hand, ^^(yl/Q) = m + 2, since 

/l/g = A;[[Xi,X2,--- ,X„,\/]]/((Xi,X2,--- ,X„)-(Xi,X2,--- + 

Hence eo(Q) = iAi^/Q), so that A is a Cohen-Macaulay ring and eo{Q) = m + 2. 

Lemma 5.3. The following assertions hold true. 

(1) = Qm, P = QI + (v^) ^ QI, and P = QP. 

(2) (fli, a2, ■ ■ ■ , cij, ■ ■ ■ , Od) nP = (oi, a2, ■ ■ ■ , a^, ■ • • , a^)/ /or all 1 < i < d. 

(3) (a„ I a G r) n /'^ = (ttc, I a e r)/"-i /or all subsets T C {1,2, ■■■ ,d} and for 
all integers n G Z. 
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(4) {al ai, • • • , al) n /'^ = {aj, ai, • • • , a^)/""^ for all 3 < n < d + 1. 

Proof. (1) It is routine to check that = Qm, and P = QI + (w^). We have P — QI^, 
since — 0. Let us check that ^ Q/- Suppose e QI and write 

i=l i=l 

with e /. Then ad{xd - Cd) e (oi, as, ■ ■ ■ , ad_i) and so - ^d & (oi, as, • • • , a^-i), 
because ai,a2,--- ,arf is a regular sequence. Hence G / so that G a + 
(Fi, F2, • • • , ^d)t^+(^a I « e A)t/+l^[/, which is impossible, because An{l, 2, • • • , d} = 
0. 

(2) Let 1 < i < d be an integer and put Qi — (ai, 02, • • • , Oj, • " " ? ctrf)- Then 

g,n/2 = Q,n{Qi + {v'')) 

= Qil + Qin[aiI + {v% 

Let 99 G Qi n (aj/ + v'^A) and write (/? = a^p + f with p E I and ^ G A. Then = 
o-iP+Y^%iO'jXji = ai(p+a;j^) + X)j._^i Oja^j^. Hence aj(p+a;j^) G Q, and so p + x,^ G Qi] 
thus G /. Therefore ^ G m = 7 + (xc, | a ^ A). Let ^ = ^' + ^" with G / and 
G I a ^ A). Notice that Xj^ = + $f') = x^-^' + x^-^" = Xj$,' for all 1 < j < d, 
since x^-^" G (xi, 2:2, • • • , x^f = (0). Consequently <p = ^^(p+a^iCO+Zlj^i ^ 
since ^' G / and p + Xi^' — p -\- Xi^ G Qj. Thus Qi f] P C Qj7, so that we have 
Q,n/2 = Q,/. 

(3) Let r = |jr and we will prove assertion (3) by descending induction on r. Suppose 
that T = d — 1 and let F = {1, 2, • • • , c?} with 1 < i < d. If n < 2, assertion (3) 
is obvious and follows from assertion (2). Assume that n > 3 and that our assertion 
holds true for n — 1. Then, since P — QP, we have 

Qinr = QiDQr-^ 

= Qin{Q,r-' + air-') 

= QiP-' + iQinair-'] 

= QiP-' + aiiQinr-']. 
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Since QiD I'^ ^ = Qil^ ^ by the hypothesis of induction on n, we get 

a^[Q^nr-'] = a,[Q,r-^]cQJ"-\ 

Thus n /" C Qi/"-i whence QiHl'' = Qil""'^. 

We now consider the case where t < d — 1. We assume that n >2 and our assertion 
holds true for n — 1. Let ip G (aq | « G F) fl /" and let P G {1, 2, ■ ■ ■ , c?} \ F. Then 

(a„ I a G F) n r C [(a« | a G F) + (a^)] n /" = [(a^ | a G F) + (fl/j)]/"^^ 

by the hypothesis on r. We write (p = ip' + a^p with G (flalct ^ F)/"^-*^ and p G /"~^. 
Then O/^p G (a^ | a G F) and so p G {a^ | a G F) fl J"^-*^, while (ac | a G F) fl /"~^ = 
G F)/" ^ by the hypothesis on n. Hence p G (a^ I « ^ F)/" ^ so that 

G (a„ I a G F)/"~i. Thus (a„ | a G F) n /" C (a« | a G F)/'^-i as is claimed. 

(4) We put J = {al, a^, ■ ■ ■ , aj). Assume that Jn/" 7^ J/"-^ for some 3 < n < c/ + 1 
and choose d as small as possible among such counterexamples. Hence d > 2. Let 

ipe Jnr such that 'p ^ jr-^. 

We begin with the following. 
Claim 3. 

d 

jd+i _ jjd-1 _j_ g^^Q^^ . . . Q^^j _|_ aia2 ■ ■ ■ di - ■ ■ adv'^A. 

i=l 

Proof of Claim\^ Since P = QI + (f ^) and = QP, we have 
On the other hand, because 

d 

Q<^ = JQ'^-'^ + (aifla ■ ■ ■ Od) and Q'^^^ = JQ'^^^ + ^ aiOs ■ ■ ■ dj ■ ■ • a^A, 

i=l 

we get 

Q^I = JQ'^-^I + aia2 ■ ■ ■ aj JI'^'^ + aiOa ■ ■ ■ 

and 

d 
i=l 

C J/'^^-'^ + aia2 ■ ■ ■ di - ■ ■ a^v^A, 
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(notice that v ^ I). Hence I^^^ C JI'^ ^ + 0102 ■ ■ ■ a^I + 'Y2t=i '^i'^2 ■ ■ ■ Oj ■ ■ ■ a^v'^A. □ 
Suppose that n = d + 1. Then by Claim [3] we may write 

d 

Lf = (f' + aia2 ■ ■ ■ ttdT] + ^ Ciaia2 ■ ■■df ■ adv"^ 

i=l 

with ip' E JI^~^, r] E I, and q E A. Since v"^ = Yli=i (^i^i^ we see 

d / \ 

Cjaia2 ■ ■ ■ dj ■ ■ ■ ttdf ^ = aia2 ■ ■ ■ j QXj j mod J 

i=l \i=l J 

whence 

d d 

aia2 ■ ■ ■ ad^T] + CjXj) = 0102 • ■ ■ a^?] + Qaia2 ■ ■ ■ dj ■ ■ ■ a^t'^ = mod J, 

i=l i=l 

because 

= y)' + aia2 • • • ttdT] + ^ Ciaia2 ■ ■ - di - ■ ■ adV^ E J. 

i=l 

Hence i] + Yl'i=i ^i^i ^ Q because ai, 02, ■ ■ ■ , is a regular sequence in A, so that we 
have 

d 

CiXi E I = {ai \ 1 < i < d) + {xa \ a E A) + (v). 

i=l 

Because {xj}i<j<m, v, and {aj}i<j<d is a minimal basis of the maximal ideal m of A and 
A n {1, 2, ■ ■ ■ , d} = 0, this forces Cj G m for all 1 < i < d. We write = c- + q" with 
c'i E Q and q" E (xi, X2, ■ ■ ■ , x^, 'w). Then, since (xi, X2, ■ ■ ■ , x^, f )-(xi, X2, ■ ■ ■ , x^) = 
(0), we have Cj"xj = and so 

CiXi Cj^Xi ~t~ Ci Xi C^Xi E Q 

because c- E Q. Consequently, since r] + Yl^^i CiXi E Q, we have 

d d 

T] = 1] + ^ c-Xj = T] + ^ dXi = mod Q. 

i=l i=l 

Hence f] E Q and so 

aia2 ■■■ad7]E Q''^^ = (a?, a^, ■ ■ ■ , a2)Q^"i C JI^-\ 

On the other hand we have c^v"^ = since c" E (xi,X2,-- - ,Xm,'y), so that Cjf^ = 
c-w^ + Q"f^ = c-w^ G Q"^ because c-, G Hence 

Ciaia2 ■ ■ ■ di - ■ ■ ttdv"^ = aia2 ■ ■ ■ d, ■ ■ ■ ad-d^v^ E Q'^^^ C JI"^^^ 
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for a\\ 1 < i < d, so that 

d 

if = Lp' + aia2 ■ ■ ■ ttdT] + ^ Ciaia2 ■ ■ - di - ■ ■ adV^ E JI'^~^, 

i=l 

which is a contradiction. Thus 3 < n < d. 

We put A = A/ (ad) and / = I /{ad). For each x E A let x denote the image of x in 
A. We then have, by the minimahty of d, that 



for all 3 < n < ci. Hence Tp e (a^, ■ ■ ■ , o-d-i)! ? so that 

^e{alal--- ,al_,)r-'+[{ad)nn 

Since (a^) fl J" = adl^^^ by assertion (3), we have = + a^^ for some ip' G 
,al,-- - ,a^_]^)/" ^ and ^ G hence a^^ G J, because (p,(p' G J. We write 

= E?=i«?^i with G A. Then ad{^ - ad^d) e (a^, a^, ■ ■ ■ , J, so that 
^ - ad^d e (oi, ■ ■ ■ , a^_i). Consequently 



^ G (af, ai, ■ ■ ■ , J n / = (af , a^, ■ ■ ■ , J I 
by the minimality of d. Hence 

Uialal--- ,al_,)r-' + [{ad)nr-']. 
However, since (a^) fl /"^^ = adl^^"^ by assertion (3), we have 

e a,(a2, a^, ■ ■ ■ , a^.J/"-^ + a^/"-^ c J/"-2, 
whence ip = ip' + adC, G JI^~^, which is the required contradiction. Thus 

jnr = jr^^ 

for all 3 < n < + 1, as we wanted. □ 

We are now in a position to complete the proof of Theorem 15. 1[ 

Proof of TheoremlEJi We have ^^(/VQ/) = 1, since mv^ C QI (recall that P ^ QI 
and P = QI + (f^) by Lemma [5.31 (1)). Because = QI^, by Theorem 11.11 we have 
S = B{—1) as graded T-modules, so that ei = eo — iA{A/I) + 1, e2 = 1 if (i > 2, and 
ej = for all 3 < i < if (i > 3. Because iA{A/I) = m — jjA + 1 and eo = m + 2, we 
get ei = tlA + 2; hence ei = 2 if A = 0. 
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Notice that G is not a Cohen- Macaulay ring. In fact, Qfl/^ 7^ QI (recall that C Q 
since = Qvci). The ring G is Buchsbaum by Lemma [5l3] (1), (2), and (4) and [31 
Proposition 9.1] and so the facts that H^"^(G') = [H5^"^(G')]i_d and £A([H5^"^(G')]i-d) = 1 
follow by induction on d similarly as in the proof of Lemma 14.11 and Theorem 14.21 □ 
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